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CDF Properties

(1) 0=Fy(x)=1

(2) Fy(x) s Non-decreasing Function

3) lim Fy(x)=0uaz llm Fy(x)=1
X—»—0o X—+C
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(4) Fy (x)1du Function Ndatlasnnnuaam duifs im Fy (x+ &) = Fy (x)
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5) Pla<X<b|=Fy(b)-Fy(a)
6) P[X=a]=Fy(a)-Fx(a )
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PDF: Probability Density
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Properties of PDF

(1) fx(x)z0
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Discrete Version

- @@ Variable Lisiaiilag
+ RV X fidanizi X=x.
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Statistical Average
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anfviualsl Function 999 RV X fla g(X) 13181317011 Expectation 324 g(X) 1dan
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E[g(X)]= | g(X)fx ()dx
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Discrete Version :

E[g(X)]= 2> 9(x)p(x)
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Importance Expectation
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4.7.1 Mean (M ¢ W30 {150 X ) fotlo g(X) = X mlA E[X]=X = J Xf y (x)dx
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Discrete Version :

E[X]= 2, %p(%)= pr(x)— in|p<xi)=ﬁ
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- Note:
- Tunsdiuad Data Nlaannnsgueiacng 151 laanIzaAn
Estimate 2ay Mean way Mean Square Ny wae

From nSamples : p(x;) =+, Each sample has the same probabilit y

N
=1

v 1

Hx

Estimate E[X*]=X?=21>"x/

i=1
o’ = E[X?] - E[X]from estimation is biased.
We use the least biased formular :

N _
SampleVari ance(Estim ated) : V% =s2 | = ﬁ(Z(Xi - X)zj
o i=1
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Multivariate: RV 11nna1 1 /2
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Multivariate: RV 11nna1 1 /2
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Joint CDF/Marginal

Density
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Correlation
G(xy) = XY
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Covarience

4.7.6 Covariance 1 g(X, Y) = (X — My )(}? — my) lﬂmi 1311 Expectation 13 114 Covariance W30
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Correlation and Covarience
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M1 Tua19199aNY

- 2iayaINUE TN aesEnIng 12 - 30 1

- X=a1e uay Y=81ugy

No.(i)| X Yi [No.(i)| X Yi
20 178 7 12 168
25 176 8 18 156
19 163 9 26 174
21 184 10 20 171
30 180 11 24 182
16 165 12 17 179
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Calculation Table

\

I X i X, X, — My v, —m, | (x, —my )y, —my)
1 20 178 3560 | -0.6667 5 ~3.3333
2 25 176 1400 | 4.3333 3 13.0000
3 19 163 3097 | -1.6667 | -10 16.6667
4 21 184 3864 0.3333 11 3.6667
5 30 180 5400 | 9.3333 7 65.3333
: 16 165 2640 | -4.6667 -8 37.3333
7 12 168 2016 | -8.6667 -5 43.3333
s 18 156 2808 | -2.6667 | -17 45.3333
0 26 174 4524 5.3333 1 5.3333
10 20 171 3420 | -0.6667 -2 1.3333
11 24 182 4368 | 3.3333 9 30.0000
12 17 179 3043 | -3.6667 6 ~22.0000

12

() 248 | 2076 | 43140 0 0 236

i=l

?ﬁi?%f 20.6667| 173 |R,, =3595| 0 0 Ciy =19.6667
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Binomial Distribution \
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Geometric Distribution
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4.8.3 Geometric Distribution Random Variable X 92111 Geometric Distribution A28 Parameter J2ai
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Uniform Distribution

484 Uniform Distribution  P(X =k)=1/(b—a) i X agsziin[a,b] vazaziluguilunsdious 1
:1.' 3 | |
nsdlinld E(X)=(a+b)/2, 0. =(b-a)*/12
+ F(x)




Gaussian Distribution

4.8.5 Normal Distribution(Gaussian Distribution) A8 Parameter [N GREELNRN L

Y x=p )’

]. N g )

———e *" 7/ Funn 71 Function 30812 1A 1113041
o271

N(1,0) = f(x) =

Integration ludnyazve4d Closed Form hlﬁ
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Jointly Gaussian: X, Y

- [ 2ottt ]

1 . E.II]_—pE:I O Ty Oy Ty

E-ﬂ-lj}:-ljﬁf-m

+ A1 p AaA1 Correlation Coefficient 1y
UanfvaNUuFuNusuavaay Variable agil
A195¥19 [-1,1]

cov(X,Y)

Fyix, 7 =

o p—
P OxOy

o fxy(x,y) \flu Joint PDF % Marginal

\




100 F
90
80+
-
B0 -
s0r-
40

a0r

THE, : e : yii

”f/ i

\
DT
%#&?Q:&ﬁ:%ﬁi‘ﬂi‘:ﬂg\\\\\\\\x_-

N TTI

%ﬁ?@?@iﬁ#‘:‘:‘:‘i ol 1}\\\\\1\{

TN

L
AR

) ‘i"‘q‘l e

v
e &#}bﬂé‘%}t‘hﬁ
(o e e e Bk
Sl b oo




100 F T T T T T T T T T =

D .

B0 .

0 b

B0 b

0r b

0 -

0r b

Dt .

Y
AT
ﬁii‘yz‘:ﬁ\};ﬁ\










o
T

Tty
AL e

=

Py o
oo
T
e Ty

e
e
e

S
I
o

ST
i
T

o
i

Lo
e

o

e

o
=2

o ..-"-"_
! e
roE T

"
"

e T

oo

T
Ty

aart




Exponential Distribution

=4t = s
4.8.6 Exponential Distribution Exponential Distribution 113J Parameter .4 1113013 EJHLlﬂl‘IJEﬂ

fr(x)=de ™ uaz Fp(x)=1-e*, E(X) :i!!ﬁx o :%

a

o =1 I D & =
Exponential Distribution (1)1 Distribution T ﬁ’lﬂﬂlﬂ anounitaluy Queuning Theory Uif1 Inter-arrival Time UDI@DJ
1 g-‘l 1 n
=4 = ot =4 =i -dk' =i =4 = [T =
Random Event 198AANUHITUNTTINTZITULULLY FUITA1T0H ] Probability 1 Event NH0392INANAININ Event LLININGA

uaamelunat B p(X <) =1-e*




Exponential Distribution
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Poisson Distribution

4.8.7 Poisson Distribution l‘ﬂ‘IJ_ Discrete Random Variable ‘ﬁﬁ']ﬁm GRNCENY Queuing Theory ﬁ%ﬁ awaa 'l 1dan
317194 Independent Random Event Tughananlanamils S1auaaev9an 13170 Event ughanariiurhiy A dai
Probability fazil k Event inluginadorfiuaingon 1dan
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p(X=k)=pk) = siewsanganlah E(X) =4, uazoy = 4
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Random Process

e ila Random Variable 1ilu Function futan
— Fyanaifidnway Random 1y Noise
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e Random Variable #itilu Function (Random Function
13a Analytic Function) Autan 153an Random
Process #i3a Stochastic Process
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Random Process
(Stochastic Process)

5.1 dgazmInan Ny

=1 a2 o o = 1 1 1
Random Process (110 159081871311AA71393 Random Variable, 131 A13n3oaa laaad 18171 Random Process

¥ 1

= = o = o o] o =1 =t 4 I
19 Random Variable 91113 Function A11/138 (Y138 Independent Variable A78H) 441U19A5 35 UTENDNTDH I Stochastic
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= a 2 1 e =l
W'TWEJE]“Hﬂ‘L!‘I’i'EE]H'ﬂﬂ‘IJ_ﬂll*ﬂ

1 = 4 =t O =t .13:! I =
1183 Random Process NIIATHUINLG 15803734 3119)% Random Variable 1l Ensemble U93138111 9814 137613
¥ 1
= ar 1 ar o g =1 o [ 1 .:'!1' a o
alnans IARTUBIT T UULT H]xhlﬂﬂJ’E]i:lﬁﬂLﬂu Sample Point U894 Random vmamdmmaxqmmnm FIDNUTTIA

= 1w . -":' e . -:'k' :‘!E o ar -::. -::. I :‘!E = 1 . )
aaaan 11 151792 10 Function viilsgadludaanainlasu lamnal ¥as1uFenn Sample Function Y99 Random

Process




Statistical Average

dmisuluudazna m X(7; )ﬂﬂa RV nziiusmsadanzsin1datn Expectation T3t 1aazlusmisadnd
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nJu Function N8 1 1lﬂ MEFADANTININT ﬁ']ﬂfﬂj ﬂﬂ’E] Autocorrelation LG ﬂ’l Autocovariance

| . = ] y o) as s c?:! 1
5.2.1 Mean U934 Mean 1uamvinsmaananaam E[X(7)] wosan X (¢) 11 Function a1 Asiua

Mean #1 ldnazi/aou Tdamardae dunfe m v (1) = E[X ()]

= ' @
5.2 Variance 111a17; 131811130%181 Variance 0 y (#;) 18910 PDF va1 X (7;) Wunde

o % (1) =E[(X(t;)—myx (1;))*] = _r (Xt -y (1)) Fx () ()dx
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- Notations:
- Random Variable: X
- Random Process: X(t)

- PDF
- Random Variable: fy(x)

- Random Process: fx)(x,t) = fx (%)
IR ¢

+ Expectation (Statistical Average)
- pux(my) = Ux)(t)
U>2< — 0>2< (1) (t)
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Random Process at t;

+ Random Process Miialananily Aa
Random Variable a1 PDF, Mean,
Variance Ll ang
- 5anA1Tu Ensemble (Ensemble Average)

- andquazlsutdauI e

- X (t;)\lu Random Variable 16310 Random
Process 1 t; a¥il PDF, Mean, Variance

e (X)s Bx(ey)s Ox(ey)

ar
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Sample Function: Ensemble
Average and Time Average

- Tuns@n Random Variable 151&u1sagu
paLITIaYMIALNY 13an Sample Point, w;

- lunseluag Random Process fratngviguas
ludratnvniilu Function Autian 3an
Sample Function, w;(t)

- Aadalueaazilal 1wvean Ensemble
Average

- agtnilauaadailnfuay Random Variable
- ALaRaUaILEay Sample Function 3an Time

A




Sample Function and

Ensemble
X(t)
' X (t,) e
» N,
Time
w; (t) S 7 > Averade
lj@amt
T T
o, (t) ~— = B
. L I > Time
[T t

Ensemble

Average oy Y(t), CT>2< (t)
X(t,), 0%

X (t;)




Statistical Average:
Correlation/Covariance

1 _ 2 o oo o G =
5.2.3 Autocorrelation A1 Autocorrelation Function U89 Random Process X (f) ADANUF N UIUDIA NI LD IN

1 o =1 =4 o a2
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g o =x o al
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Stationary RP

+ Avafduay RP Process Undulasulaldu
1281 (Ensemble Average Miaa1vdnu)
- Mean
- Variance

- PDF

- FnTunTaALANAINIIRARAAY RP Tawilssiu
AULIAT L3aanINNuLlllu Stationary

- fxy (6 t) = fx@(x)
- Ux)(t) = ux)(Ux)
2 2 2
Oy (1) (t) > Oyt = Ox




Stationary RP

- Stationary RP

- Strict Sense Stationary (SSS)
- PDF Liitdlanu éotiunng Moment
(Expectation) lidleu
- 1nd SSS azm'laennlunivd{iié aaasem
gulawagas Moment wsn

- Wide Sense Stationary (WSS)

. L@aW1e 2 Moment wsn@Adil we PDF anawdsdu
- Mean
- Variance (Mean Square)
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WIDE SENSE
STATIONARY
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Ergodic Random Process

- &1 RP 1flu Ergodic
- Time Average = Ensemble Average
- Mean Ergodic

mnﬂmml,aaﬂ“lumonm ;jw(t)dt LWiNALU
Aada(mean = E(X(1))) 229 Ensemble

- Correlation Ergodic

- BuNadvA Variance Tunionan I(w(t) w(t)) dt
wihduan Variance 'leann Ensemble O% 1)

- 151 1dAIuaAY Concept 2av Stationary Random
_Process




Discrete-Time Random
Process

a1z laNNATFUAIALNY (Sampling) uav
Continuous RP

- Uniform Sampling 638 Sampling Period T =
1Le .., X(=T),X(0),X(T),X(2T),X(3T), ...

- Un@azay Sampling Period lig1uiainta i'le
-, X(=1),X(0),X(1),X(2),X(3), ...

Wnaztdauluanay X(n); n = integer

1
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p) X)) X2 x@ X&) x5 x(6) x(7)




Process (Limited Samples)

Discrete-Time Random

« LAY n = (—o0,+00) waTuMIVUHUH & INTadN
ML 1A TuIIRINANAR
-n=012..,N—-1 %8 n=-N,-N+1,..,—-1,01,...,N

duatifuingazly Index Bundlat1oilaaingls
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X(n);n=0,+1+2,..,+5
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Ergodic Discrete RP

61 RP ilu Ergodic saa@1 Mean (Average
1N Ensemble = Average ann Time)

Mean Ergodic Process

lunstiuns Stationary Random Process 11711 Mean

my = E[X(n)]

= =y 0
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1 X
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2N +1 _Z: .
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Ergodic Discrete RP

- 61 RP 1ilu Ergodic & 115U Coorelation

3.4.2 Correlation Ergodic Process

319 Stationary Random Process 1111 Correlation Ergodic 13 181315 DA 112AT Autocorrelation 118z Cross /

o A s 4 o 3
Correlation 1MW HY Sample Function laglgmsmaslumanamu daiy
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AR Seqguence mIueEN N

* @1 Autocorrelation &13u N Samples

- gun1sazansd wlawm Sum uasia’a N
Point usaztAinn1s Biased

. 1 N
Ry (M) = lim N > x(n)x(n+m)
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i 1 N-—m-1
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‘qu | Ry (—m): —N+1<m<0




ANUKHEUAY X(N)X(N+m)

1 N
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AR Seqguence mIueEN N

* @1 Autocorrelation &13u N Samples
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Sequence annen N / RAW %\
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* Download HW 4: Probability
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